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In power grids, a group of synchronous generators is coherent if they have similar 
frequency responses. 

When modeling the frequency response of power networks, each group of 
coherent generators are aggregated into a single effective machine.  

Examples of Coherence: Synchronous Generators
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Aggregationdisturbance

Angular velocity

This is a form of 
“strong coherence"

Can this be generalized to 
any networked systems?



•Characterization of coherent dynamics

•Dynamics concentration of large-scale tightly-connected network

•Numerical illustrations

This Talk



4

Block Diagram:

Coherence in networked dynamical systems

diag{gi(s)}

L

u y

�

<latexit sha1_base64="+wn94DzecdZYfIIIbmvCe+VbpvA="></latexit>

gi(s), i = 1, · · · , n, Node Dynamics,

L symmetric real Laplacian matrix,

0 = �1(L)  �2(L)  · · ·  �n(L),

L = V ⇤V T , ⇤ = diag{�1(L),�2(L), · · · ,�n(L)}
<latexit sha1_base64="zeS34pqImeWmDhB1L3xHzJQU5zM="></latexit>

???

When does this 
network exhibits 

strong coherence?

ḡ(s)

1
n

Pn
i=1 ui ȳ

<latexit sha1_base64="ErWOCgjPvgrnZs1qFK8Jq+kY4lQ="></latexit>

What is the coherent 
dynamics of the network?
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Coherence in networked dynamical systems: Homogenous case

T (s) = (In + diag{gi(s)}L)�1diag{gi(s)}
= (diag{g�1

i (s)}+ L)�1

= (diag{g�1
i (s)}+ V ⇤V T )�1

= V (V Tdiag{g�1
i (s)}V + ⇤)�1V T

<latexit sha1_base64="dqnClrxxG/Tp5rhOUZdsTVmA7uc="></latexit>

The transfer matrix from input u to output y :

gi(s) = g(s), i = 1, · · · , n
<latexit sha1_base64="dPyOWK67kN60CdQTVFTbgylXcVU="></latexit>

Assume homogeneity: 

T (s) =
1

n
g(s)11T + V?diag

⇢
1

g�1(s) + �i(L)

�n

i=2

V T
?

<latexit sha1_base64="jO5cKKho/5A1YhGtngwmykQGq64="></latexit>

V = [1, V?]

1 = [1, · · · , 1]T
<latexit sha1_base64="MlRkUAfUSevyA+VZkmSEn8izfIA="></latexit>

Coherent dynamics independent 
of the network structure

Dynamics depending on 
the network structure
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Coherence in networked dynamical systems: Homogenous case

The 2-norm converges to 0 
as λ2(L) increases 

For any s0,

T (s0) =
1

n
g(s0)11T + V?diag

⇢
1

g�1(s0) + �i(L)

�n

i=2

V T
?

<latexit sha1_base64="uyioY5oYtyIu3gnanH2o4AfpmiY="></latexit>

Therefore, for any s0 which is not a pole of g(s), we have

lim
�2(L)!+1

����T (s0)�
1

n
g(s0)11T

���� = 0
<latexit sha1_base64="D/s9Oz8otKbTVEIv/DPZlOWwFLs="></latexit>

Can this be extended to the heterogeneous case?
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Coherence in networked dynamical systems: Heterogeneous case

T (s0) = V (V Tdiag{g�1
i (s0)}V + ⇤)�1V T

= V

"
1T
p
n
diag{g�1

i (s0)} 1p
n

1T
p
n
diag{g�1

i (s0)}V?

V T
? diag{g�1

i (s0)} 1p
n

V T
? diag{g�1

i (s0)}V? + ⇤̃

#�1

V T

<latexit sha1_base64="0NLkXou+cqdKGZfRCnBIjx78Y3g="></latexit>

For fixed s0,

1
n

Pn
i=1 g

�1
i (s0)
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⇤̃ = diag{�2(L), · · · ,�n(L)}
<latexit sha1_base64="iCGrhy0zIbSt0lH3OKRREEZIBH0="></latexit>
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1
n

Pn
i=1 g

�1
i (s0)

1T
np
n
diag{g�1

i (s0)}V?

V T
? diag{g�1

i (s0)} 1np
n

V T
? diag{g�1

i (s0)}V? + ⇤̃

3

75

�1
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The minimum singular value 
grows unbounded as λ2(L) 
increases 

�2(L) ! 1
<latexit sha1_base64="nSNzZGbMNBh1OKoSbv6hOyI3L1k="></latexit>
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�1
i (s0)

��1
01⇥(n�1)

0(n�1)⇥1 0(n�1)⇥(n�1)
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1
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Pn
i=1 g

�1
i (s0)

��1
01⇥(n�1)

0(n�1)⇥1 0(n�1)⇥(n�1)

3

5V T = 1
n

�
1
n

Pn
i=1 g

�1
i (s0)

��1
11T

<latexit sha1_base64="amxFIr3kIe/wKimw3ia++/eYFRI="></latexit>

�2(L) ! 1
<latexit sha1_base64="CnlrCxGQLJJi/HXx6PsK3BjtUYY="></latexit>

:= ḡ(s0)
<latexit sha1_base64="T22ftwd5dt7T21RFc7C895KNM08="></latexit>

The coherent dynamics:
Harmonic mean of all gi(s)
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Coherence in networked dynamical systems: Heterogeneous case

Theorem (Coherence as the pointwise convergence of transfer matrix). Define

ḡ(s) =
�
1
n

Pn
i=1 g

�1
i (s)

��1
. If s0 2 C is neither a zero nor a pole of ḡ(s), then

we have

lim
�2(L)!+1

����T (s0)�
1

n
ḡ(s0)11T

���� = 0 .
<latexit sha1_base64="tFiZgIeQO4W+qJ3EMhXvsOLeo94="></latexit>

• Convergence in transfer matrix is related to time-domain response by Inverse 
Laplace Transform

• Algebraic connectivity of 𝐿 is an indicator of level of coherence

• We can further prove uniform convergence over a compact subset of complex 
plane, if it doesn’t contain any zero nor pole of ḡ(s)

<latexit sha1_base64="9aqPnG1t7O00uALFU4aL8uewDxM="></latexit>



•Characterization of coherent dynamics

•Dynamics concentration of large-scale tightly-connected network

•Numerical illustrations

This Talk
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Dynamics Concentration: From deterministic to stochastic

The coherent dynamics of the network is given by

ḡ(s) =

 
1

n

nX

i=1

g�1
i (s)

!�1

<latexit sha1_base64="AG8ZbOWB39D9GFtfKxdSvvipwoU="></latexit>

Suppose gi(s) are “i.i.d. random transfer functions”, then for fixed s0,             is the 
harmonic mean of complex random variables 
It converges in probability to a deterministic value as network size n increases 

ḡ(s0)
<latexit sha1_base64="oBQHDO2+TiXKCs2uZILxLd98hfs="></latexit>

If we let the network size n grows, and in the meantime, increase 
the network connectivity, we would expect that for fixed s0

T (s0)
P�! 1

n
ĝ(s0)11T

<latexit sha1_base64="yWXj+KKxPnwq28G9YeaOrsgJM3A="></latexit>

The “expected ”coherent dynamics is given by

ĝ(s) =
�
ERe(g�1

i (s))+jEIm(g�1
i (s))

��1
:=

�
Eg�1

i (s)
��1

<latexit sha1_base64="n6gf151JT/FBrPkJTrjh8dx4beg="></latexit>



Theorem (Dynamics Concentration). Consider the networks under graph Lapla-
cian L with algebraic connectivity satisfying �2(L) = ⌦(np) for some p 2 (0, 1].
Let gi(s) be i.i.d. random transfer functions. Given s0 2 C, suppose that g�1

i (s0)
has both its real and imaginary part given by sub-Gaussian random variables,

and s0 is not a pole of ĝ(s) =
�
Eg�1

i (s)
��1

. Then 8✏ > 0,

lim
n!+1

P
✓����T (s0)�

1

n
ĝ(s0)11T

���� � ✏

◆
= 0

<latexit sha1_base64="ShutN51OULyV4hrpzpU4PiMSoKY="></latexit>

Theorem (Coherence as the pointwise convergence of transfer matrix). Define

ḡ(s) =
�
1
n

Pn
i=1 g

�1
i (s)

��1
. If s0 2 C is neither a zero nor a pole of ḡ(s), then

we have

lim
�2(L)!+1

����T (s0)�
1

n
ḡ(s0)11T

���� = 0 .
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Dynamics Concentration: Stochastic convergence result

Definition. A random variable X is a sub-Gaussian random variable if 8t > 0:

P(|X| � t)  2 exp
�
�ct2

�
,

for some c > 0.
<latexit sha1_base64="Xqj1cKNA8kDXog7OlARrmgpnj2o="></latexit>



12

Dynamics Concentration: Stochastic convergence result

• Tightly-connected networks exhibit strong coherence and the coherent dynamics 
is given by the harmonic mean of all node dynamics

• The coherent dynamics of a stochastic network converges to a deterministic 
dynamics as network size grows

Theorem (Dynamics Concentration). Consider the networks under graph Lapla-
cian L with algebraic connectivity satisfying �2(L) = ⌦(np) for some p 2 (0, 1].
Let gi(s) be i.i.d. random transfer functions. Given s0 2 C, suppose that g�1

i (s0)
has both its real and imaginary part given by sub-Gaussian random variables,

and s0 is not a pole of ĝ(s) =
�
Eg�1

i (s)
��1

. Then 8✏ > 0,

lim
n!+1

P
✓����T (s0)�

1

n
ĝ(s0)11T

���� � ✏

◆
= 0
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•Characterization of coherent dynamics

•Dynamics concentration of large-scale tightly-connected network

•Numerical illustrations
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Numerical illustration: A different view of Consensus network

Consider a first-order consensus network, where each node has different 
“acceptance rate”:

diag{ki
s }

L

u y

�

<latexit sha1_base64="3F5PT4FO7uxJaJP1j16YOM1UVNw="></latexit>

Impulse response of this network gives exactly the evolution of opinions y
starting from an initial opinions y0
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Numerical illustration: A different view of Consensus network

Frequency Domain
(Coherence and Dynamics Concentration)

Time Domain
(State-space Analysis)

The system subject to an impulse signal The initial state(opinion) of the node i
is set to ki

The response of each node is close to   
the impulse response of    

The response of the system is the 
solution to

As we grow the network size while 
keeping high connectivity

The response of each node is close to   
the impulse response of    

As we grow the network size while 
keeping high connectivity

The final consensus is close to 

u(t) = �(t)1
<latexit sha1_base64="GV89Y+6zQceV15gnbccdJ5zrkI0="></latexit>

ẏ(t) = �diag{ki}Ly(t)
<latexit sha1_base64="9FwMjO2T9YKUfzVYme13BSLdYpQ="></latexit>

ḡ(s) =
�
1
n

Pn
i=1 k

�1
i

��1 1
s
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ĝ(s) =
�
Ek�1

i

��1 1
s
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y(1) =
�
Ek�1

i

��1
1
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Numerical illustration: Consensus on tightly-connected networks

Simulation settings:
• Random nodal acceptance rate:

• Tightly-connected graph: L is the 
Laplacian of d-regular ring, d is 
roughly n/3

ki
i.i.d.⇠ Unif [1, 5]

<latexit sha1_base64="dGrRzcN2n2Oly0kVAWiEBCE+Tow="></latexit>

The ”expected” coherent dynamics:

its impulse response is shown in 
dashed red line

ĝ(s) =
�
Ek�1

i

��1 1
s = 4

ln 5
1
s

<latexit sha1_base64="cUSbBy/5YqE9LQmkZw8lRaHlMkk="></latexit>

The coherent dynamics accurately 
represents the entire network as the 
consequence of Dynamics Concentration



Conclusion
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• We proved that tightly-connected networks exhibit strong coherence, and the 
coherent dynamics is given by the harmonic mean of all node dynamics 

• In a stochastic network where node dynamics are represented by i.i.d. random 
transfer functions, we showed that the coherent dynamics of the network 
converges to a deterministic one as the network size grows 

• In numerical illustration, we provided the case where the consensus network 
exhibits Dynamics Concentration 

Thank you for your attention!


