Early Neuron Alignment in Two-layer ReLU Networks with Small Initialization
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INTRODUCTION CONVERGENCE OF TWO-LAYER RELU NETWORKS WITH SMALL INITIALIZATION

Key result: Two-layer ReLU nets solve binary classification Small initialization leads to two training phases. (1) Neurons align with class centers. (2) Neurons grow their norms to fit the labels.
problems by learning features that align with class centers. '

Alignment phase > : Label-fitting phase >
X: Positive data {x;: y; = +1}
Prior work: existing theories are either
X X X
* restrictive (# of data, width of network), e: Neurons {w;} 9 & w 2 g —* 5%
e asymptotic (assume infinitely small initialization), or —: Neuron directions {HW_]H} -
Wj
* heuristics/qualitative (no formal convergence result). Initialization: Neurons have small Alignment: Neuron directions Fitting: Neurons grow their
norms, and random directions align with class centers norms to minimize loss

This work: A complete, quantitative, and non-asymptotic — - Loss [ large

convergence analysis for two-layer ReLU networks without . d 2
- - : change in norm ZfE‘ WjH

restrictions on size of data/network.

—: change in direction ). ; ;t H:;H small . . .
Problem: Training two-layer ReLU network for binary Theoretical Results |Complete (from alignment to convergence), quantitative (bounds on scale, tim:e, & rate), and non-asymptotic (finite init. scale) analysis of GF
classification on orthogonally separable data With sufficiently small init. scale Early alignment Phase transition I  Convergence rate Low-rank bias
e Data with two classes: 0 (i exp ( nlogn )) “Good alignment witl: dr?ta” Alignmlent phlase ends i During fitting ph?se, loss  Weight matrix W = [wy, -+, wy]
{x;, v} :input x; € R, label y; € {+1,—1} Vh VU requires at most O ( \/gﬁ ) time at © (;logm) time : converges at 0 (;) rate asymptotically has rank at most 2
* Two-layer ReLU Network: !

f(x;0) = Z]hzlijeLU(Wij), 0 = {Wj,vj}?zl EARLY NEURON ALIGNMENT

NUMERICAL EXPERIMENT
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* Classification Loss: Key dynamics in alighment phase w, P (za(w;)) el SolE aren o RN s class center
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L(O) =12y, f(x;;0)), L is exp or logistic loss , - . > TR “ 05 visualized G TR TROR TR TRl TR
. Neuron anqgular dynamics jDWj = (] — wjw; / HW]H ) 2ol B ovs.o [l o . — v Dol Doand CEgl CRg TR
* Gradient flow training: 8 = —V4L(0),0(0) = 09, d w $ g (W) O ik ool e+ .
] — J — j)vf]-(xa (W])), Xq (W]) — X; Vi i 1.0-
Assumptions: dt|w;f| Z -------
it TSN i:(x3,W j)>0 —2 R LR oo /
* (critical) Small initialization: [|8(0) || = O(€) e o | BEEEEE heayd — o =
, example, y; = +1 0 5000 10000 ' . . | Wik . Bromaitd P! cla.fsg (CJZ")/teer
: c e g . . . — lterati !
+ (technical) Balanced initialization: ||w; (O)HF = v7(0) Challenges: Good news: y2,ys = ~1 .
. * Non-linear, non-smooth . to- ' V) i ' . . - imitializati
+ (critical) u-orthogonally separable data (i > 0) =al Move-to-centroid (xa(W])) interpretation Images of two MNIST Starting from random initialization, all neurons
dynamics under fixed activation pattern digits (centered by mean align with either the positive (x., ) or negative class
- P +
cos(x;, x1) {— HoYi = * Heavily depends on activation « Tracking “monotone” evolution of activation image) are approximately  center (x_)
L] < : : - L .
SU LY F Y patterns {mgn((xi, Wj))} patterns under orthogonally separable data orthogonally separable ¢ Label fitting: refer to our main paper




